1. Introduction

The problem of localization in time and frequency has always been of serious
concern in modern physics because one of the major issues in applications is to
analyze signals on different time-frequency domains and therefore to concentrate
and localize signals on these domains. To be able to represent the frequency be-
havior of a signal locally in time, one has to consider the so called time-frequency
localization operators. A variety of methods have been invented to construct such
class of operators [1]. Coherent states (CS) are the natural tool in constructing
phase space localization operators and have been extensively encountered in
theoretical physics, in quantum mechanics and in many different areas of math-
ematical physics. Precisely, CS provide a close connection between classical and
quantum formalisms so as to play a central role in the semi classical analysis. In
general, they may be defined as an overcomplete family of normalized ket vectors
|¢) which are labeled by points ¢ of a phase-space domain X, belonging to a
Hilbert space H that corresponds to a specific quantum model and provide H
with a resolution of its identity operator as

1H:=Q/;|<>«ndu<<» (11)

with respect to a suitable integration measure du(¢) on X. These states are
constructed in different ways. For an overview of all aspects of the theory of
coherent states and their genesis, we refer to the [2, 4].

Equation (1.1) allows to implement a CS frame quantization [3] of the set
of parameters ( € X by associating to a complex-valued function ¢ — F((),
satisfying appropriate conditions, the following operator on H :

ﬂon:/mmﬂmmo (1.2)

If F'(¢) is semi-bounded real-valued function, the Friedrich extension [5] allows us
to define Pr as a self-adjoint operator. In particular, when F' = yq is the indicator
function for some domain €2 in the phase space X, the resulting operator P, is
called a localization operator.

By using the CS of the harmonic oscillator, Daubechies [6] has discussed the
localization operator P, with 2 C C being a disk of radius p > 0 by giving
its eigenfunctions in terms of Hermite polynomials, and by expressing its discrete
eigenvalues {\? } in term of incomplete Gamma functions. She also has established
the asymptotic behavior of these eigenvalues for varying k = 0,1,2, ..., and p > 0,
and has given an estimate for the phase-content outside the localization domain

Q.

In this paper, we deal with similar questions for the pseudo-harmonic oscillator
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Hp = +(1-B), 2B>1 (1.3)
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\begin {equation}\label {r1} \mathbf {1}_{\mathcal {H}}=\int _{X}|\zeta \rangle \langle \zeta |d\mu (\zeta ).\end {equation}


         𝟏  ℋ   =      ∫  X       |  ζ  ⟩   ⁢    ⟨  ζ  |   ⁢    𝑑  μ   ⁢    (  ζ  )      .     (1.1) 
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\begin {equation}\label {r2} F(\zeta )\mapsto P_{F}:=\int \limits _{X}|\zeta \rangle \langle \zeta |F(\zeta )d\mu (\zeta ).\end {equation}


         F  ⁢    (  ζ  )    ↦    P  F   :=      ∫  X       |  ζ  ⟩   ⁢    ⟨  ζ  |   ⁢  F  ⁢    (  ζ  )   ⁢    𝑑  μ   ⁢    (  ζ  )      .     (1.2) 
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\begin {equation}\label {r3} H_{B}=\frac {1}{2}\left [ -\frac {d^{2}}{dx^{2}}+x^{2}+\frac {(2B-1)^{2}-\frac {1}{4}}{x^{2}}\right ] +\left ( 1-B\right ) ,\text { \ \ \ \ \ }2B>1\end {equation}


         H  B   =        1  2   ⁢    [      −      d  2     d  ⁢    x  2      +    x  2   +          (      2  ⁢  B   −  1   )   2   −    1  4      x  2     ]    +    (    1  −  B   )     ,         ⁢  2  ⁢  B   >  1      (1.3) 
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$\int _{\mathbb {D}}|g(z)|^{2}(1-\bar {z}z)^{2B-2}d\eta (z)<+\infty $
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\begin {equation}\label {r4} \pi _{+}\left ( x,y\right ) \left [ \varphi \right ] \left ( \xi \right ) :=e^{\frac {1}{2}ix\xi }\varphi \left ( y\xi \right ) ,\qquad \varphi \in \mathcal {\
H},\quad \xi >0\text {.}\end {equation}


           π  +   ⁢    (  x  ,  y  )   ⁢    [  φ  ]   ⁢    (  ξ  )    :=      e      1  2   ⁢  i  ⁢  x  ⁢  ξ    ⁢  φ  ⁢    (    y  ⁢  ξ   )     ,      φ  ∈  ℋ   ,    ξ  >    0  ⁢  .        (2.1) 
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$\left ( x,y\right ) \mapsto \left \langle \pi _{+}\left ( x,y\right ) \left [ \phi _{0}\right ] ,\phi _{0}\right \rangle _{\mathcal {H}}$
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$\delta \left [ \varphi \right ] (\xi )=\xi ^{-\frac {1}{2}}\varphi \left ( \xi \right )$
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\begin {equation}\label {r5} \int \limits _{\mathbf {G}}\left \langle \varphi _{1},\pi _{+}\left ( x,y\right ) \left [ \psi _{1}\right ] \right \rangle \left \langle \pi _{+}\left ( x,y\right ) \left [ \varphi _{2}\right ] ,\psi _{2}\right \rangle d\nu \left ( x,y\right ) =\left \langle \varphi _{1},\varphi _{2}\right \rangle \left \langle \delta ^{\frac {1}{2}}\left [ \varphi _{1}\right ] ,\delta ^{\frac {1}{2}}\left [ \varphi _{2}\right ] \right \rangle \end {equation}
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\begin {equation}\label {r6} \phi _{B}\left ( \xi \right ) :=\frac {1}{\sqrt {2B}}\xi ^{B}e^{-\frac {1}{2}\xi },\text { \ \ }\xi >0.\end {equation}
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\begin {equation}\label {r7} \left \vert \tau _{(x,y),B}\right \rangle :=\pi _{+}\left ( x,y\right ) \left [ \phi _{B}\right ]\end {equation}
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\begin {equation}\label {r8} \mathbf {1}_{\mathcal {H}}=c_{B}\int \limits _{\mathbf {G}}d\mu \left ( x,y\right ) \left \vert \tau _{(x,y),B}\right \rangle \left \langle \tau _{(x,y),B}\right \vert \end {equation}
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\begin {equation}\label {r9} \left \langle \xi \right \vert \tau _{(x,y),B}\rangle =\frac {1}{\sqrt {2B}}\left ( \xi y\right ) ^{B}e^{-\frac {1}{2}\xi \left ( y-ix\right ) }\text {, }\qquad \xi >0,\end {equation}
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$\mathbb {H}^{2}=\left \{ x+iy,x\in \mathbb {R},y>0\right \}$
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\begin {equation}\label {r10} \mathcal {B}_{0}[\phi ]\left ( x,y\right ) =\sqrt {c_{B}}\int \limits _{0}^{+\infty }\overline {\left \langle \xi \right \vert \tau _{(x,y),B}\rangle }\phi (\xi )\xi ^{-1}d\xi \end {equation}
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\begin {equation}\label {r12} \mathcal {B}_{0}[\mathcal {H}]\equiv \left \{ f\in L^{2}\left ( \mathbb {H}^{2},d\nu \right ) ,\;\Delta _{B}f=\epsilon _{0}^{B}f\right \} .\end {equation}
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\begin {equation}\label {r16} \left \langle \xi \right \vert \kappa _{z,B}\rangle =\frac {1}{\sqrt {\Gamma \left ( 2B\right ) }}\left ( \frac {\left ( 1-z\bar {z}\right ) }{\left ( 1-z\right ) ^{2}}\xi \right ) ^{B}\exp \left ( -\frac {1}{2}\left ( \frac {1+z}{1-z}\right ) \xi \right ) ,\qquad \xi >0.\end {equation}
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\begin {equation}\label {r24} F\mapsto \wp _{F}^{B}:=\int \limits _{\mathbb {D}}\left \vert \widetilde {\kappa }_{z,B}\right \rangle \left \langle \widetilde {\kappa }_{z,B}\right \vert F(z,\overline {z})\frac {(2B-1)}{\pi (1-z\bar {z})^{2}}d\eta (z).\end {equation}
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\begin {equation}\label {r25} \wp _{F}^{B}=\sum _{j,k=0}^{+\infty }\sqrt {\frac {\Gamma (2B+j)}{\pi j!\Gamma (2B)}}\sqrt {\frac {\Gamma (2B+k)}{\pi k!\Gamma (2B)}}\left [ (2B-1)\int \limits _{\mathbb {D}}z^{k}\bar {z}^{j}(1-z\bar {z})^{2B-2}F(z,\bar {z})d\eta (z)\right ] \left \vert \ell _{j}^{B}\right \rangle \left \langle \ell _{k}^{B}\right \vert \end {equation}


       ℘  F  B   =      ∑      j  ,  k   =  0     +  ∞            Γ  ⁢    (      2  ⁢  B   +  j   )      π  ⁢    j  !   ⁢  Γ  ⁢    (    2  ⁢  B   )      ⁢        Γ  ⁢    (      2  ⁢  B   +  k   )      π  ⁢    k  !   ⁢  Γ  ⁢    (    2  ⁢  B   )      ⁢    [      (      2  ⁢  B   −  1   )   ⁢      ∫  𝔻       z  k   ⁢      z  ¯   j   ⁢      (    1  −    z  ⁢    z  ¯     )       2  ⁢  B   −  2    ⁢  F  ⁢    (  z  ,    z  ¯   )   ⁢    𝑑  η   ⁢    (  z  )      ]   ⁢    |    ℓ  j  B   ⟩   ⁢    ⟨    ℓ  k  B   |        (3.2) 


\begin {equation}\label {r26} \wp _{F}^{B}=\sum _{j,k=0}^{+\infty }\left [ \gamma _{F}^{B}\right ] _{j,k}\left \vert \ell _{k}^{B}\rangle \langle \ell _{j}^{B}\right \vert \end {equation}


       ℘  F  B   =      ∑      j  ,  k   =  0     +  ∞          [    γ  F  B   ]     j  ,  k    ⁢    |    ℓ  k  B   ⟩   ⁢    ⟨    ℓ  j  B   |        (3.3) 


\begin {equation}\label {r27} \left [ \gamma _{F}^{B}\right ] _{j,k}=\frac {1}{\pi \Gamma (2B-1)}\left ( \frac {\Gamma (2B+j)\Gamma (2B+k)}{j!k!}\right ) ^{1/2}\int \limits _{\mathbb {D}}\bar {z}^{j}z^{k}(1-z\bar {z})^{2B-2}F(z,\bar {z})d\eta (z)\end {equation}


         [    γ  F  B   ]     j  ,  k    =      1    π  ⁢  Γ  ⁢    (      2  ⁢  B   −  1   )     ⁢      (      Γ  ⁢    (      2  ⁢  B   +  j   )   ⁢  Γ  ⁢    (      2  ⁢  B   +  k   )        j  !   ⁢    k  !     )     1  /  2    ⁢      ∫  𝔻         z  ¯   j   ⁢    z  k   ⁢      (    1  −    z  ⁢    z  ¯     )       2  ⁢  B   −  2    ⁢  F  ⁢    (  z  ,    z  ¯   )   ⁢    𝑑  η   ⁢    (  z  )         (3.4) 


$\left \{ \ell _{j}^{B}\right \}$


   {    ℓ  j  B   } 


$L^{2}(\mathbb {R}_{+},d\xi ),$


       L  2   ⁢    (    ℝ  +   ,    d  ⁢  ξ   )    , 


$\eqref {r23}.$


$F$


$\wp _{F}^{B}$


     ℘  F  B  


$F(z,\bar {z})=F(r^{2})$


     F  ⁢    (  z  ,    z  ¯   )    =    F  ⁢    (    r  2   )   


$r=\left \vert z\right \vert $


   r  =    |  z  |  


$\eqref {r27}$


   (  ⁢      3.4    ⁢  ) 


\begin {equation}\label {r28} \left [ \gamma _{F}^{B}\right ] _{j,k}=\frac {1}{\pi \Gamma (2B-1)}\left ( \frac {\Gamma (2B+j)\Gamma (2B+k)}{j!k!}\right ) ^{1/2}\int \limits _{0}^{2\pi }\int \limits _{0}^{1}r^{k}r^{j}e^{ik\theta }e^{-ij\theta }(1-r^{2})^{2B-2}F(r^{2})rdrd\theta .\end {equation}


           [    γ  F  B   ]     j  ,  k    =      1    π  ⁢  Γ  ⁢    (      2  ⁢  B   −  1   )     ⁢      (      Γ  ⁢    (      2  ⁢  B   +  j   )   ⁢  Γ  ⁢    (      2  ⁢  B   +  k   )        j  !   ⁢    k  !     )     1  /  2    ⁢      ∫  0    2  ⁢  π        ∫  0  1       r  k   ⁢    r  j   ⁢    e    i  ⁢  k  ⁢  θ    ⁢    e    −    i  ⁢  j  ⁢  θ     ⁢      (    1  −    r  2    )       2  ⁢  B   −  2    ⁢  F  ⁢    (    r  2   )   ⁢  r  ⁢    𝑑  r   ⁢    𝑑  θ        .     (3.5) 


\begin {equation}\label {r29} \int \limits _{0}^{2\pi }e^{i(k-j)\theta }d\theta =2\pi \delta _{k,j},\text { \
}j,k=0,1,2,...,\end {equation}


             ∫  0    2  ⁢  π        e    i  ⁢    (    k  −  j   )   ⁢  θ    ⁢    𝑑  θ     =      2  ⁢  π  ⁢    δ    k  ,  j     ,       ⁢  j     ,    k  =    0  ,  1  ,  2  ,  …     ,     (3.6) 


$j=k$


   j  =  k 


\begin {equation}\label {r30} \left [ \gamma _{F}^{B}\right ] _{j,j}=\frac {\Gamma (2B+j)}{\Gamma (2B-1)\Gamma (j+1)}\int _{0}^{1}\rho ^{j}(1-\rho )^{2B-2}F(\rho )d\rho .\end {equation}


           [    γ  F  B   ]     j  ,  j    =        Γ  ⁢    (      2  ⁢  B   +  j   )      Γ  ⁢    (      2  ⁢  B   −  1   )   ⁢  Γ  ⁢    (    j  +  1   )     ⁢      ∫  0  1       ρ  j   ⁢      (    1  −  ρ   )       2  ⁢  B   −  2    ⁢  F  ⁢    (  ρ  )   ⁢    𝑑  ρ       .     (3.7) 


$\left ( \mathcal {B}(j+1,2B-1)\right ) ^{-1}$


       (    ℬ  ⁢    (    j  +  1   ,      2  ⁢  B   −  1   )    )     −  1   


$\lambda _{j}^{B,F}$


     λ  j    B  ,  F   


\begin {equation}\label {r31} \lambda _{j}^{B,F}=\frac {1}{\mathcal {B}(j+1,2B-1)}\int \limits _{0}^{1}\rho ^{j}(1-\rho )^{2B-2}F(\rho )d\rho ,\end {equation}


         λ  j    B  ,  F    =      1    ℬ  ⁢    (    j  +  1   ,      2  ⁢  B   −  1   )     ⁢      ∫  0  1       ρ  j   ⁢      (    1  −  ρ   )       2  ⁢  B   −  2    ⁢  F  ⁢    (  ρ  )   ⁢    𝑑  ρ       ,     (3.8) 


$\mathcal {B}(a,b)$


   ℬ  ⁢    (  a  ,  b  )  


$a,b>0$


$\wp _{F}^{B}$


     ℘  F  B  


$\{\ell _{j}^{B}\}$


   {    ℓ  j  B   } 


\begin {equation}\label {r32} \wp _{F}^{B}=\sum _{j=0}^{+\infty }\lambda _{j}^{B,F}\left \vert \ell _{j}^{B}\right \rangle \left \langle \ell _{j}^{B}\right \vert ,\end {equation}


         ℘  F  B   =      ∑    j  =  0     +  ∞        λ  j    B  ,  F    ⁢    |    ℓ  j  B   ⟩   ⁢    ⟨    ℓ  j  B   |      ,     (3.9) 


\begin {equation}\label {r33} \wp _{F}^{B}\left [ \ell _{j}^{B}\right ] =\lambda _{j}^{B,F}\ell _{j}^{B}.\end {equation}


           ℘  F  B   ⁢    [    ℓ  j  B   ]    =      λ  j    B  ,  F    ⁢    ℓ  j  B     .     (3.10) 


$\eqref {r33}$


$\wp _{F}^{B}$


$H_{B}$


$\{\ell _{j}^{B}\}$


   {    ℓ  j  B   } 


$D_{R}:=\{z\in \mathbb {C},\ |z|<R\}$


     D  R   :=    {      z  ∈  ℂ   ,      |  z  |   <  R    }  


$0<R<1$


   0  <  R  <  1 


$F(r^{2})=1$


     F  ⁢    (    r  2   )    =  1 


$r<R$


   r  <  R 


$F(r^{2})=0$


     F  ⁢    (    r  2   )    =  0 


$r\geq R$


   r  ≥  R 


$\eqref {r31}$


   (  ⁢      3.8    ⁢  ) 


\begin {equation}\label {r34} \lambda _{j}^{B,R}=\frac {1}{\mathcal {B}(j+1,2B-1)}\int \limits _{0}^{R^{2}}\rho ^{j}(1-\rho )^{2B-2}d\rho =\mathcal {I}_{R^{2}}(j+1,2B-1)\end {equation}


       λ  j    B  ,  R    =      1    ℬ  ⁢    (    j  +  1   ,      2  ⁢  B   −  1   )     ⁢      ∫  0    R  2        ρ  j   ⁢      (    1  −  ρ   )       2  ⁢  B   −  2    ⁢    𝑑  ρ      =      ℐ    R  2    ⁢    (    j  +  1   ,      2  ⁢  B   −  1   )       (3.11) 


\begin {equation}\label {r35} \mathcal {I}_{x}(a,b)=\frac {1}{\mathcal {B}(a,b)}\int \limits _{0}^{x}t^{a-1}(1-t)^{b-1}dt,\quad 0<x<1,\text { }\end {equation}


             ℐ  x   ⁢    (  a  ,  b  )    =      1    ℬ  ⁢    (  a  ,  b  )     ⁢      ∫  0  x       t    a  −  1    ⁢      (    1  −  t   )     b  −  1    ⁢    𝑑  t       ,    0  <  x  <  1    ,        (3.12) 


$\eqref {r32}$


   (  ⁢      3.9    ⁢  ) 


$\wp _{\digamma }^{B}$


     ℘  ϝ  B  


\begin {equation}\label {r36} \wp _{R}^{B}=\sum _{j=0}^{+\infty }\mathcal {I}_{R^{2}}(j+1,2B-1)\left \vert \ell _{j}^{B}\right \rangle \left \langle \ell _{j}^{B}\right \vert .\end {equation}


         ℘  R  B   =      ∑    j  =  0     +  ∞        ℐ    R  2    ⁢    (    j  +  1   ,      2  ⁢  B   −  1   )   ⁢    |    ℓ  j  B   ⟩   ⁢    ⟨    ℓ  j  B   |      .     (3.13) 


$\ell _{j}^{B}$


$H_{B}$


     H  B  


$L^{2}\left ( \mathbb {R}_{+},d\xi \right )$


     L  2   ⁢    (    ℝ  +   ,    d  ⁢  ξ   )  


\begin {equation}\label {r37} H_{B}\left [ \ell _{j}^{B}\right ] =(j+1)\ell _{j}^{B},\ j=0,1,2,...\text { .}\end {equation}


           H  B   ⁢    [    ℓ  j  B   ]    =      (    j  +  1   )   ⁢    ℓ  j  B     ,    j  =    0  ,  1  ,  2  ,    …  ⁢   .        (3.14) 


$\wp _{R}^{B}$


$H_{B}$


     H  B  


\begin {equation}\label {r38} \wp _{R}^{B}=\mathcal {I}_{R^{2}}(j+1,2B-1).\end {equation}


         ℘  R  B   =      ℐ    R  2    ⁢    (    j  +  1   ,      2  ⁢  B   −  1   )     .     (3.15) 


$\protect \lambda _{j}^{B,R}$


     λ  j    B  ,  R   


$\eqref {r34}$


   (  ⁢      3.11    ⁢  ) 


\begin {equation}\label {r39} \lambda _{j}^{B,R}=\parallel C_{j}^{B}1_{\mathbb {D}_{R}}\parallel _{L^{2}(\mathbb {D},(1-z\bar {z})^{2B-2}d\eta )}^{2}=\int _{0}^{R^{2}}\mathfrak {g}_{j,B}(\rho )d\rho \end {equation}


       λ  j    B  ,  R    =      ‖      C  j  B   ⁢    1    𝔻  R     ‖       L  2   ⁢    (  𝔻  ,        (    1  −    z  ⁢    z  ¯     )       2  ⁢  B   −  2    ⁢  d  ⁢  η   )    2   =      ∫  0    R  2        𝔤    j  ,  B    ⁢    (  ρ  )   ⁢    𝑑  ρ        (3.16) 


\begin {equation}\label {r39dpc} \mathfrak {g}_{j,B}(\rho )=\frac {\Gamma (2B+j)}{\Gamma (2B-1)\Gamma (j+1)}(1-\rho )^{2B-2}\rho ^{j},\quad 0\leq \rho <1\end {equation}


           𝔤    j  ,  B    ⁢    (  ρ  )    =        Γ  ⁢    (      2  ⁢  B   +  j   )      Γ  ⁢    (      2  ⁢  B   −  1   )   ⁢  Γ  ⁢    (    j  +  1   )     ⁢      (    1  −  ρ   )       2  ⁢  B   −  2    ⁢    ρ  j     ,    0  ≤  ρ  <  1      (3.17) 


$\mathcal {Y}_{j,B}^{\left ( 0\right ) }\sim \mathcal {B}e(j+1,2B-1)$


     𝒴    j  ,  B     (  0  )    ∼    ℬ  ⁢  e  ⁢    (    j  +  1   ,      2  ⁢  B   −  1   )   


$u\mapsto {\ }_{1}F_{1}\left ( j+1,2B+1;iu\right )$


   u  ↦      F  1      1     ⁢    (    j  +  1   ,      2  ⁢  B   +  1   ;    i  ⁢  u   )   


$i^{2}=-1.$


       i  2   =    −  1    . 


\begin {equation}\label {r40} \lambda _{j}^{B,R}=\Pr (\mathcal {Y}_{j,B}^{\left ( 0\right ) }\leq R^{2})\end {equation}


       λ  j    B  ,  R    =    Pr  ⁡    (      𝒴    j  ,  B     (  0  )    ≤    R  2    )       (3.18) 


$,$


   , 


$\eqref {r39}$


   (  ⁢      3.17    ⁢  ) 


\begin {equation}\label {r41} \mathfrak {g}_{B,j}^{\left ( m\right ) }(\rho ):=\left ( 2B-2m-1\right ) \frac {\left ( m\wedge j\right ) !}{\left ( m\vee j\right ) !}\frac {\Gamma (2B-2m+m\vee j)}{\Gamma (2B-2m+m\wedge j)}(1-\rho )^{2B-2m-2}\rho ^{\left \vert m-j\right \vert }\end {equation}


         𝔤    B  ,  j     (  m  )    ⁢    (  ρ  )    :=      (      2  ⁢  B   −    2  ⁢  m   −  1   )   ⁢        (    m  ∧  j   )   !       (    m  ∨  j   )   !    ⁢      Γ  ⁢    (          2  ⁢  B   −    2  ⁢  m    +  m   ∨  j   )      Γ  ⁢    (          2  ⁢  B   −    2  ⁢  m    +  m   ∧  j   )     ⁢      (    1  −  ρ   )       2  ⁢  B   −    2  ⁢  m   −  2    ⁢    ρ    |    m  −  j   |        (3.19) 


\begin {equation*}\times \left ( P_{m\wedge j}^{\left ( \left \vert m-j\right \vert ,2\left ( B-m\right ) -1\right ) }\left ( 1-2\rho \right ) \right ) ^{2}\end {equation*}


       ×      (      P    m  ∧  j     (    |    m  −  j   |   ,      2  ⁢    (    B  −  m   )    −  1   )    ⁢    (    1  −    2  ⁢  ρ    )    )   2      (3.20) 


$P_{k}^{\left ( \alpha ,\beta \right ) }$


     P  k    (  α  ,  β  )   


$\left ( .\right )$


$\ $


$\ $


    


$m=0,1,...,\left \lfloor B-{\frac 12}\right \rfloor .$


     m  =    0  ,  1  ,  …  ,    ⌊    B  −    1  2    ⌋     . 


$\mathcal {Y}_{j,B}^{\left ( m\right ) }$


     𝒴    j  ,  B     (  m  )   


$\rho \mapsto \mathfrak {g}_{j,B}^{\left ( m\right ) }(\rho )$


   ρ  ↦      𝔤    j  ,  B     (  m  )    ⁢    (  ρ  )   


\begin {equation}\label {r42} \lambda _{j}^{B,R,m}:=\Pr \left ( \mathcal {Y}_{j,B}^{\left ( m\right ) }\leq R^{2}\right ) =\int \limits _{0}^{R^{2}}\mathfrak {g}_{j,B}^{\left ( m\right ) }(\rho )d\rho \end {equation}


       λ  j    B  ,  R  ,  m    :=    Pr  ⁡    (      𝒴    j  ,  B     (  m  )    ≤    R  2    )    =      ∫  0    R  2        𝔤    j  ,  B     (  m  )    ⁢    (  ρ  )   ⁢    𝑑  ρ        (3.20) 


$\lambda _{j}^{B,R,m}$


     λ  j    B  ,  R  ,  m   


$\mathfrak {K}_{B,m}\mid _{D_{R}}$


         𝔎    B  ,  m    ∣     D  R   


$D_{R},$


     D  R   , 


$\mathfrak {K}_{B,m}$


     𝔎    B  ,  m   


\begin {equation}\label {r43} \mathcal {E}_{B,m}\left ( \mathbb {D}\right ) =\left \{ f\in L^{2}\left ( \mathbb {D},\left ( 1-z\overline {z}\right ) ^{2B-2}d\eta \left ( z\right ) \right ) ,\widetilde {\Delta }_{B}f=\sigma _{B,m}f\right \}\end {equation}


$B$


   B 


\begin {equation}\label {r44} \widetilde {\Delta }_{B}=-4\left ( 1-z\overline {z}\right ) \left ( \left ( 1-z\overline {z}\right ) \frac {\partial ^{2}}{\partial z\partial \overline {z}}-2B\overline {z}\frac {\partial }{\partial \overline {z}}\right ) ,\end {equation}


           Δ  ~   B   =    −    4  ⁢    (    1  −    z  ⁢    z  ¯     )   ⁢    (        (    1  −    z  ⁢    z  ¯     )   ⁢      ∂  2     ∂    z  ⁢    ∂    z  ¯        −    2  ⁢  B  ⁢    z  ¯   ⁢    ∂    ∂    z  ¯       )      ,     (3.22) 


\begin {equation}\label {r45} \sigma _{B,m}=4m\left ( 2B-m-1\right ) ,\text { \ \ }m=0,1,...,\left \lfloor B-{\frac 12}\right \rfloor .\end {equation}


$\mathfrak {K}_{B,m}$


     𝔎    B  ,  m   


\begin {equation}\label {r46} K_{B,m}\left ( z,w\right ) =\pi \left ( 2B-2m-1\right ) \left ( 1-z\overline {w}\right ) ^{-2B}\left ( \frac {\left \vert 1-z\overline {w}\right \vert ^{2}}{\left ( 1-z\overline {z}\right ) \left ( 1-w\overline {w}\right ) }\right ) ^{m}\end {equation}


         K    B  ,  m    ⁢    (  z  ,  w  )    =    π  ⁢    (      2  ⁢  B   −    2  ⁢  m   −  1   )   ⁢      (    1  −    z  ⁢    w  ¯     )     −    2  ⁢  B     ⁢      (        |    1  −    z  ⁢    w  ¯     |   2       (    1  −    z  ⁢    z  ¯     )   ⁢    (    1  −    w  ⁢    w  ¯     )     )   m       (3.24) 


\begin {equation*}\times P_{m}^{\left ( 0,2\left ( B-m\right ) -1\right ) }\left ( 2\frac {\left ( 1-z\overline {z}\right ) \left ( 1-w\overline {w}\right ) }{\left \vert 1-z\overline {w}\right \vert ^{2}}-1\right )\end {equation*}


     ×      P  m    (  0  ,      2  ⁢    (    B  −  m   )    −  1   )    ⁢    (      2  ⁢        (    1  −    z  ⁢    z  ¯     )   ⁢    (    1  −    w  ⁢    w  ¯     )        |    1  −    z  ⁢    w  ¯     |   2     −  1   )   


$\eqref {r46}.$


     (  ⁢      3.24    ⁢  )   . 


$2B>1$


     2  ⁢  B   >  1 


$m=0$


$g$


$\mathbb {D}$


$\int _{\mathbb {D}}|g(z)|^{2}(1-\bar {z}z)^{2B-2}d\eta (z)<+\infty $


       ∫  𝔻         |    g  ⁢    (  z  )    |   2   ⁢      (    1  −      z  ¯   ⁢  z    )       2  ⁢  B   −  2    ⁢    𝑑  η   ⁢    (  z  )     <    +  ∞  


$\mathcal {E}_{B,0}\left ( \mathbb {D}\right ) \equiv \mathcal {A}^{B}\left ( \mathbb {D}\right ) .$


         ℰ    B  ,  0    ⁢    (  𝔻  )    ≡      𝒜  B   ⁢    (  𝔻  )     . 


$\sigma _{B,m}.$


$\wp _{R}^{B}$


$D_{R}$


$\wp _{R}^{B}$


$D_{R}$


     D  R  


$z_{0}\in \mathbb {D}\setminus D_{R}$


     z  0   ∈    𝔻  ∖    D  R   


\begin {equation}\label {r47} \langle \widetilde {\kappa }_{z_{0},B}\left \vert \wp _{R}^{B}[f]\right \rangle _{L^{2}(\mathbb {R}_{+})}\neq 0,\quad f\in L^{2}(\mathbb {R}_{+}).\end {equation}


             ⟨      κ  ~       z  0   ,  B    |      ℘  R  B   ⁢    [  f  ]    ⟩       L  2   ⁢    (    ℝ  +   )     ≠  0   ,    f  ∈      L  2   ⁢    (    ℝ  +   )      .     (4.1) 


$\mathcal {X}$


   𝒳 


$\sim \mathcal {NB}(2B,z_{0}\bar {z}_{0})$


     ∼    𝒩  ⁢  ℬ  ⁢    (    2  ⁢  B   ,      z  0   ⁢      z  ¯   0    )   


$2B$


   2  ⁢  B 


$z_{0}\bar {z}_{0}$


     z  0   ⁢      z  ¯   0  


\begin {equation}\label {r48} \left \vert \langle \widetilde {\kappa }_{z_{0},B}\left \vert \wp _{R}^{B}[f]\right \rangle _{L^{2}\left ( \mathbb {R}_{+}\right ) }\right \vert \leq \sqrt {\mathbb {E}\left ( \left ( \mathcal {I}_{R^{2}}\left ( \mathcal {X+}1,2B-1\right ) \right ) ^{2}\right ) }\Vert f\Vert _{L^{2}\left ( \mathbb {R}_{+}\right ) } .\end {equation}


         |      ⟨      κ  ~       z  0   ,  B    |      ℘  R  B   ⁢    [  f  ]    ⟩       L  2   ⁢    (    ℝ  +   )     |   ≤        𝔼  ⁢    (      (      ℐ    R  2    ⁢    (    𝒳  +  1   ,      2  ⁢  B   −  1   )    )   2   )     ⁢      ‖  f  ‖       L  2   ⁢    (    ℝ  +   )       .     (4.2) 


$\eqref {r48}$


   (  ⁢      4.2    ⁢  ) 


$\eqref {r47}$


$\wp _{R}^{B}$


     ℘  R  B  


$\eqref {r36}$


   (  ⁢      3.13    ⁢  ) 


\begin {equation}\label {r49} \left \langle \widetilde {\kappa }_{z_{0},B},\left ( \sum _{j=0}^{+\infty }\lambda _{j}^{B,R}\left \vert \ell _{j}^{B}\right \rangle \left \langle \ell _{j}^{B}\right \vert \right ) [f]\right \rangle _{L^{2}(\mathbb {R}_{+})}=\sum _{j=0}^{+\infty }\lambda _{j}^{B,R}\left \langle \widetilde {\kappa }_{z_{0},B}|\ell _{j}^{B}\right \rangle _{L^{2}\left ( \mathbb {R}_{+}\right ) }\left \langle \ell _{j}^{B}|f\right \rangle _{L^{2}\left ( \mathbb {R}_{+}\right ) }.\end {equation}


$\eqref {r22}$


$\left \vert \widetilde {\kappa }_{z,B}\right \rangle $


   |      κ  ~     z  ,  B    ⟩ 


\begin {equation}\label {r50} \left \langle \widetilde {\kappa }_{z_{0},B}|\ell _{j}^{B}\right \rangle _{L^{2}\left ( \mathbb {R}_{+}\right ) }=(1-z_{0}\bar {z}_{0})^{B}\sqrt {\frac {\Gamma (2B+j)}{j!\Gamma (2B)}}z_{0}^{j}.\end {equation}


           ⟨      κ  ~       z  0   ,  B    |    ℓ  j  B   ⟩       L  2   ⁢    (    ℝ  +   )     =        (    1  −      z  0   ⁢      z  ¯   0     )   B   ⁢        Γ  ⁢    (      2  ⁢  B   +  j   )        j  !   ⁢  Γ  ⁢    (    2  ⁢  B   )      ⁢    z  0  j     .     (4.4) 


$\eqref {r49}$


   (  ⁢      4.3    ⁢  ) 


\begin {equation}\label {r51} \langle \widetilde {\kappa }_{z_{0},B}\left \vert \wp _{R}^{B}[f]\right \rangle _{L^{2}\left ( \mathbb {R}_{+}\right ) }=(1-z_{0}\bar {z_{0}})^{B}\sum _{j=0}^{+\infty }\lambda _{j}^{B,R}\left ( \frac {\Gamma (2B+j)}{j!\Gamma (2B)}\right ) ^{1/2}\left \langle \ell _{j}^{B}|f\right \rangle _{L^{2}\left ( \mathbb {R}_{+}\right ) }z_{0}^{j}.\end {equation}


           ⟨      κ  ~       z  0   ,  B    |      ℘  R  B   ⁢    [  f  ]    ⟩       L  2   ⁢    (    ℝ  +   )     =        (    1  −      z  0   ⁢      z  0   ¯     )   B   ⁢      ∑    j  =  0     +  ∞        λ  j    B  ,  R    ⁢      (      Γ  ⁢    (      2  ⁢  B   +  j   )        j  !   ⁢  Γ  ⁢    (    2  ⁢  B   )     )     1  /  2    ⁢      ⟨    ℓ  j  B   |  f  ⟩       L  2   ⁢    (    ℝ  +   )     ⁢    z  0  j       .     (4.5) 


\begin {equation}\label {r52} =(1-z_{0}\bar {z_{0}})^{B}\left \langle \sum _{j=0}^{+\infty }\lambda _{j}^{B,R}\left ( \frac {\Gamma (2B+j)}{j!\Gamma (2B)}\right ) ^{1/2}z_{0}^{j}\ell _{j}^{B}|f\right \rangle _{L^{2}(\mathbb {R}_{+})}.\end {equation}


         =        (    1  −      z  0   ⁢      z  0   ¯     )   B   ⁢      ⟨      ∑    j  =  0     +  ∞        λ  j    B  ,  R    ⁢      (      Γ  ⁢    (      2  ⁢  B   +  j   )        j  !   ⁢  Γ  ⁢    (    2  ⁢  B   )     )     1  /  2    ⁢    z  0  j   ⁢    ℓ  j  B     |  f  ⟩       L  2   ⁢    (    ℝ  +   )       .     (4.6) 


\begin {equation}\label {r53} \vartheta :=\sum _{j=0}^{+\infty }\lambda _{j}^{B,R}\left ( \frac {\Gamma (2B+j)}{j!\Gamma (2B)}\right ) ^{1/2}z_{0}^{j}\ell _{j}^{B},\end {equation}


       ϑ  :=      ∑    j  =  0     +  ∞        λ  j    B  ,  R    ⁢      (      Γ  ⁢    (      2  ⁢  B   +  j   )        j  !   ⁢  Γ  ⁢    (    2  ⁢  B   )     )     1  /  2    ⁢    z  0  j   ⁢    ℓ  j  B      ,     (4.7) 


\begin {equation}\label {r54} \left \vert \langle \widetilde {\kappa }_{z_{0},B}|\wp _{R}^{B}[f]\rangle _{L^{2}\left ( \mathbb {R}_{+}\right ) }\right \vert \leq |1-z_{0}\bar {z_{0}}|^{B}\Vert \vartheta \Vert _{L^{2}(\mathbb {R}_{+})}\left \Vert f\right \Vert _{L^{2}\left ( \mathbb {R}_{+}\right ) }.\end {equation}


$L^{2}$


     L  2  


$\vartheta $


   ϑ 


\begin {equation}\label {r54dpc} |1-z_{0}\bar {z_{0}}|^{B}\Vert \vartheta \Vert _{L^{2}(\mathbb {R}_{+})}=\left ( \sum _{j=0}^{+\infty }\left ( \lambda _{j}^{B,R}\right ) ^{2}\left [ \frac {\Gamma (2B+j)}{j!\Gamma (2B)}(z_{0}\bar {z_{0}})^{j}(1-z_{0}\bar {z_{0}})^{2B}\right ] \right ) ^{1/2}.\end {equation}


             |    1  −      z  0   ⁢      z  0   ¯     |   B   ⁢      ‖  ϑ  ‖       L  2   ⁢    (    ℝ  +   )      =      (      ∑    j  =  0     +  ∞          (    λ  j    B  ,  R    )   2   ⁢    [        Γ  ⁢    (      2  ⁢  B   +  j   )        j  !   ⁢  Γ  ⁢    (    2  ⁢  B   )     ⁢      (      z  0   ⁢      z  0   ¯    )   j   ⁢      (    1  −      z  0   ⁢      z  0   ¯     )     2  ⁢  B     ]     )     1  /  2     .     (4.9) 


$\eqref {r54}$


   (  ⁢      4.9    ⁢  ) 


$\mathcal {X}\sim \mathcal {N}\mathcal {B}(2B,z_{0}\overline {z_{0}})$


   𝒳  ∼    𝒩  ⁢  ℬ  ⁢    (    2  ⁢  B   ,      z  0   ⁢      z  0   ¯    )   


\begin {equation}\label {r55} \Pr \left ( \mathcal {X}=j\right ) =\frac {\Gamma (2B+j)}{j!\Gamma (2B)}\left ( z_{0}\overline {z_{0}}\right ) ^{j}(1-z_{0}\overline {z_{0}})^{2B},\ \
j=0,1,2,\cdots ,\end {equation}


           Pr  ⁡    (    𝒳  =  j   )    =        Γ  ⁢    (      2  ⁢  B   +  j   )        j  !   ⁢  Γ  ⁢    (    2  ⁢  B   )     ⁢      (      z  0   ⁢      z  0   ¯    )   j   ⁢      (    1  −      z  0   ⁢      z  0   ¯     )     2  ⁢  B      ,    j  =    0  ,  1  ,  2  ,  ⋯     ,     (4.10) 


$\lambda _{j}^{B,R}$


$\eqref {r54}$


   (  ⁢      4.9    ⁢  ) 


\begin {equation}\label {r56} |1-z_{0}\bar {z_{0}}|^{B}\Vert \vartheta \Vert _{L^{2}(\mathbb {R}_{+})}=\left ( \sum _{j=0}^{+\infty }\left ( \mathcal {I}_{R^{2}}(j+1,2B-1)\right ) ^{2}\Pr \left ( \mathcal {X}=j\right ) \right ) ^{1/2}.\end {equation}


             |    1  −      z  0   ⁢      z  0   ¯     |   B   ⁢      ‖  ϑ  ‖       L  2   ⁢    (    ℝ  +   )      =      (      ∑    j  =  0     +  ∞          (      ℐ    R  2    ⁢    (    j  +  1   ,      2  ⁢  B   −  1   )    )   2   ⁢    Pr  ⁡    (    𝒳  =  j   )      )     1  /  2     .     (4.11) 


$\eqref {r56}$


   (  ⁢      4.11    ⁢  ) 


$\mathbb {E}\left ( \left ( \mathcal {I}_{R^{2}}(\mathcal {X}+1,2B-1)\right ) ^{2}\right )$


   𝔼  ⁢    (      (      ℐ    R  2    ⁢    (    𝒳  +  1   ,      2  ⁢  B   −  1   )    )   2   )  


$\widetilde {\wp }_{R}^{B}$


$\mathcal {A}^{B}(\mathbb {D})$


$\left \vert \widetilde {\kappa }_{z,B}\right \rangle $


   |      κ  ~     z  ,  B    ⟩ 


$W_{B}:L^{2}(\mathbb {R}_{+})\rightarrow \mathcal {A}^{B}(\mathbb {D})$


     W  B   :        L  2   ⁢    (    ℝ  +   )    →      𝒜  B   ⁢    (  𝔻  )    


$\varphi \mapsto W_{B}[\varphi ](z):=(1-z\bar {z})^{-B}\langle \varphi \left \vert \widetilde {\kappa }_{z,B}\right \rangle _{L^{2}\left ( \mathbb {R}_{+}\right ) }$


   φ  ↦      W  B   ⁢    [  φ  ]   ⁢    (  z  )    :=        (    1  −    z  ⁢    z  ¯     )     −  B    ⁢      ⟨  φ  |      κ  ~     z  ,  B    ⟩       L  2   ⁢    (    ℝ  +   )     


\begin {equation}\label {r5.1} W_{B}[f](z)=\sqrt {\frac {2}{\Gamma (2B)}}(1-z)^{-2B}\int _{0}^{+\infty }\xi ^{2B-\frac {1}{2}}\exp \left ( -\frac {1}{2}\left ( \frac {1+z}{1-z}\right ) \xi ^{2}\right ) d\xi ,\ z\in \mathbb {D}.\end {equation}


$\wp _{R}^{B}$


     ℘  R  B  


$f$


   f 


$\in $


   ∈ 


$\mathcal {A}^{B}(\mathbb {D}),$


       𝒜  B   ⁢    (  𝔻  )    , 


$W_{B}\circ \wp _{R}^{B}\circ W_{B}^{-1}\equiv \widetilde {\wp }_{R}^{B}$


       W  B   ∘    ℘  R  B   ∘    W  B    −  1     ≡      ℘  ~   R  B  


\begin {equation}\label {r5.2} \widetilde {\wp }_{R}^{B}[f](w)=\int \limits _{\mathbb {D}}P_{R}^{B}(z,w)f(z)(1-z\bar {z})^{2B-2}d\eta (z)\end {equation}


           ℘  ~   R  B   ⁢    [  f  ]   ⁢    (  w  )    =      ∫  𝔻       P  R  B   ⁢    (  z  ,  w  )   ⁢  f  ⁢    (  z  )   ⁢      (    1  −    z  ⁢    z  ¯     )       2  ⁢  B   −  2    ⁢    𝑑  η   ⁢    (  z  )        (5.2) 


\begin {equation}\label {r5.3} P_{R}^{B}(z,w)=\frac {(2B-1)^{2}R}{(1-R\bar {z}w)^{2B}}F_{1}\left ( 2-2B,1-2B,2B,2,R,\frac {R-R\bar {z}w}{1-R\bar {z}w}\right )\end {equation}


$R\rightarrow 1$


   R  →  1 


\begin {equation}\label {r5.4} \lim _{R\rightarrow 1}P_{R}^{B}(z,w)=\frac {(2B-1)}{\left ( 1-\bar {z}w\right ) ^{2B}},\end {equation}


           lim    R  →  1        P  R  B   ⁢    (  z  ,  w  )     =      (      2  ⁢  B   −  1   )       (    1  −      z  ¯   ⁢  w    )     2  ⁢  B      ,     (5.4) 


$\mathcal {A}^{B}(\mathbb {D}).$


       𝒜  B   ⁢    (  𝔻  )    . 


$F_{1}$


     F  1  


\begin {equation*}F_{1}\left ( \alpha ,\beta ,\gamma ;\omega ;u,v\right ) =\sum \limits _{j,k=0}^{\infty }\frac {\left ( \alpha \right ) _{j+k}\left ( \beta \right ) _{j}\left ( \gamma \right ) _{k}}{j!k!\left ( \omega \right ) _{j+k}}u^{j}v^{k},\left \vert u\right \vert <1,\left \vert v\right \vert <1.\end {equation*}


           F  1   ⁢    (  α  ,  β  ,  γ  ;  ω  ;  u  ,  v  )    =      ∑      j  ,  k   =  0   ∞             (  α  )     j  +  k    ⁢      (  β  )   j   ⁢      (  γ  )   k        j  !   ⁢    k  !   ⁢      (  ω  )     j  +  k      ⁢    u  j   ⁢    v  k      ,        |  u  |   <  1   ,      |  v  |   <  1     . 


$\eqref {r5.2} ,$


     (  ⁢      5.2    ⁢  )   , 


$f\in \mathcal {A}^{B}(\mathbb {D})$


   f  ∈      𝒜  B   ⁢    (  𝔻  )   


$W_{B}$


     W  B  


\begin {equation}\label {r5.5} W_{B}^{-1}[f](\xi )=\int \limits _{\mathbb {D}}f(z)\left \langle \xi \right \vert \widetilde {\kappa }_{z,B}\rangle (1-z\bar {z})^{-B}d\eta _{B}(z),\text { }\xi >0.\end {equation}


$\wp _{R}^{B}$


     ℘  R  B  


$W_{B}^{-1}[f],$


       W  B    −  1    ⁢    [  f  ]    , 


\begin {equation}\label {r5.6} \wp _{R}^{B}\left [ W_{B}^{-1}[f]\right ] (y)=\sum _{k=0}^{+\infty }\lambda _{k}^{B,R}\left \langle \ell _{k}^{B}|\int \limits _{\mathbb {D}}f(z)|\widetilde {\kappa }_{z,B}\rangle (1-z\bar {z})^{-B}d\eta _{B}(z)\right \rangle \left \langle y|\ell _{k}^{B}\right \rangle \end {equation}


       ℘  R  B     [    W  B    −  1      [  f  ]   ]     (  y  )   =    ∑    k  =  0     +  ∞      λ  k    B  ,  R      ⟨    ℓ  k  B   |    ∫  𝔻   f    (  z  )   |      κ  ~     z  ,  B    ⟩       (  1  −  z    z  ¯   )     −  B    d    η  B     (  z  )   ⟩  ⟨  y  |    ℓ  k  B   ⟩     (5.6) 


\begin {equation}\label {r5.7} =\sum _{k=0}^{+\infty }\lambda _{k}^{B,R}\left ( \int _{\mathbb {R}_{+}}\overline {\ell _{k}^{B}(\xi )}\left ( \int _{\mathbb {D}}f(z)\left \langle x\right \vert \widetilde {\kappa }_{z,B}\rangle (1-z\bar {z})^{-B}d\eta _{B}(z)\right ) d\xi \right ) \ell _{k}^{B}(y)\end {equation}


       =      ∑    k  =  0     +  ∞        λ  k    B  ,  R    ⁢    (      ∫    ℝ  +            ℓ  k  B   ⁢    (  ξ  )    ¯   ⁢    (      ∫  𝔻     f  ⁢    (  z  )   ⁢    ⟨  x  |      κ  ~     z  ,  B    ⟩   ⁢      (    1  −    z  ⁢    z  ¯     )     −  B    ⁢    𝑑    η  B    ⁢    (  z  )     )   ⁢    𝑑  ξ     )   ⁢    ℓ  k  B   ⁢    (  y  )        (5.7) 


\begin {equation}\label {r5.8} =\sum _{k=0}^{+\infty }\lambda _{k}^{B,R}\int _{\mathbb {D}}f(z)\left ( (1-z\bar {z})^{-B}\overline {\int _{\mathbb {R}_{+}}\ell _{k}^{B}(\xi )\overline {\left \langle \xi \right \vert \widetilde {\kappa }_{z,B}\rangle }}dx\right ) d\eta _{B}\left ( z\right ) \ell _{k}^{B}(y).\end {equation}


         =      ∑    k  =  0     +  ∞        λ  k    B  ,  R    ⁢      ∫  𝔻     f  ⁢    (  z  )   ⁢    (        (    1  −    z  ⁢    z  ¯     )     −  B    ⁢        ∫    ℝ  +        ℓ  k  B   ⁢    (  ξ  )   ⁢      ⟨  ξ  |      κ  ~     z  ,  B    ⟩   ¯     ¯   ⁢  d  ⁢  x   )   ⁢    𝑑    η  B    ⁢    (  z  )   ⁢    ℓ  k  B   ⁢    (  y  )        .     (5.8) 


\begin {equation}\label {r5.9} \wp _{R}^{B}\left [ W_{B}^{-1}[f]\right ] (y)=\sum _{k=0}^{+\infty }\lambda _{k}^{B,R}\left [ \int _{\mathbb {D}}f(z)\overline {W_{B}[\ell _{k}^{B}](z)}d\eta _{B}(z)\right ] \ell _{k}^{B}(y).\end {equation}


$W_{B}$


     W  B  


$\eqref {r5.9}:$


     (  ⁢      5.9    ⁢  )   :   


\begin {equation}\label {r5.10} W_{B}\left [ \wp _{R}^{B}\left [ W_{B}^{-1}[f]\right ] \right ] (w)=\sum _{k=0}^{+\infty }\lambda _{k}^{B,R}\left [ \int _{\mathbb {D}}f(z)\overline {W_{B}[\ell _{k}^{B}](z)}d\eta _{B}(z)\right ] W_{B}[\ell _{k}^{B}](w).\end {equation}


           W  B   ⁢    [      ℘  R  B   ⁢    [      W  B    −  1    ⁢    [  f  ]    ]    ]   ⁢    (  w  )    =      ∑    k  =  0     +  ∞        λ  k    B  ,  R    ⁢    [      ∫  𝔻     f  ⁢    (  z  )   ⁢        W  B   ⁢    [    ℓ  k  B   ]   ⁢    (  z  )    ¯   ⁢    𝑑    η  B    ⁢    (  z  )     ]   ⁢    W  B   ⁢    [    ℓ  k  B   ]   ⁢    (  w  )      .     (5.10) 


$W_{B}[\ell _{k}^{B}](w)=C_{k}^{B}(w),$


         W  B   ⁢    [    ℓ  k  B   ]   ⁢    (  w  )    =      C  k  B   ⁢    (  w  )     , 


\begin {equation}\label {r5.11} \widetilde {\wp }_{R}^{B}[f](w)=\int _{\mathbb {D}}\left [ \sum _{k=0}^{+\infty }\lambda _{k}^{B,R}\overline {C_{k}^{B}(z)}C_{k}^{B}(w)\right ] d\eta _{B}(z).\end {equation}


             ℘  ~   R  B   ⁢    [  f  ]   ⁢    (  w  )    =      ∫  𝔻       [      ∑    k  =  0     +  ∞        λ  k    B  ,  R    ⁢        C  k  B   ⁢    (  z  )    ¯   ⁢    C  k  B   ⁢    (  w  )     ]   ⁢    𝑑    η  B    ⁢    (  z  )      .     (5.11) 


\begin {equation}\label {r5.12} P_{R}^{B}(z,w)=\sum _{k=0}^{+\infty }\lambda _{k}^{B,R}\overline {C_{k}^{B}(z)}C_{k}^{B}(w).\end {equation}


$\eqref {r34}$


   (  ⁢      3.11    ⁢  ) 


$\eqref {r20}$


   (  ⁢      2.18    ⁢  ) 


$\eqref {r5.12}$


   (  ⁢      5.12    ⁢  ) 


\begin {equation}\label {r5.13} P_{R}^{B}(z,w)=(2B-1)\sum _{k=0}^{+\infty }\left [ \frac {1}{B(k+1,2B-1)}\int _{0}^{R}\rho ^{k}(1-\rho )^{2B-2}d\rho \right ] \frac {\Gamma (2B+k)}{k!\Gamma (2B)}\bar {z}^{k}w^{k}\end {equation}


         P  R  B   ⁢    (  z  ,  w  )    =      (      2  ⁢  B   −  1   )   ⁢      ∑    k  =  0     +  ∞        [      1    B  ⁢    (    k  +  1   ,      2  ⁢  B   −  1   )     ⁢      ∫  0  R       ρ  k   ⁢      (    1  −  ρ   )       2  ⁢  B   −  2    ⁢    𝑑  ρ      ]   ⁢      Γ  ⁢    (      2  ⁢  B   +  k   )        k  !   ⁢  Γ  ⁢    (    2  ⁢  B   )     ⁢      z  ¯   k   ⁢    w  k         (5.13) 


\begin {equation}\label {r5.14} =(2B-1)^{2}\sum _{k=0}^{+\infty }\frac {\Gamma (2B+k)\Gamma (2B+k)}{\Gamma (2B)\Gamma (2B)}\frac {1}{k!}\frac {(\bar {z}w)^{k}}{k!}\left ( \int _{0}^{R}t^{k}(1-t)^{2B-2}dt\right )\end {equation}


       =        (      2  ⁢  B   −  1   )   2   ⁢      ∑    k  =  0     +  ∞          Γ  ⁢    (      2  ⁢  B   +  k   )   ⁢  Γ  ⁢    (      2  ⁢  B   +  k   )      Γ  ⁢    (    2  ⁢  B   )   ⁢  Γ  ⁢    (    2  ⁢  B   )     ⁢    1    k  !    ⁢        (      z  ¯   ⁢  w   )   k     k  !    ⁢    (      ∫  0  R       t  k   ⁢      (    1  −  t   )       2  ⁢  B   −  2    ⁢    𝑑  t     )         (5.14) 


\begin {equation}\label {r5.15} =(2B-1)^{2}\int _{0}^{R}(1-t)^{2B-2}\left ( \sum _{k=0}^{+\infty }\frac {(2B)_{k}(2B)_{k}}{(1)_{k}}\frac {(t\bar {z}w)^{k}}{k!}\right ) dt\end {equation}


       =        (      2  ⁢  B   −  1   )   2   ⁢      ∫  0  R         (    1  −  t   )       2  ⁢  B   −  2    ⁢    (      ∑    k  =  0     +  ∞              (    2  ⁢  B   )   k   ⁢      (    2  ⁢  B   )   k        (  1  )   k    ⁢        (    t  ⁢    z  ¯   ⁢  w   )   k     k  !      )   ⁢    𝑑  t         (5.15) 


${}_{2}F_{1}$


     F  1      2    


\begin {equation}\label {r5.16} P_{R}^{B}(z,w)=(2B-1)^{2}\int _{0}^{R}(1-t)^{2B-2}{}_{2}F_{1}(2B,2B,1,t\bar {z}w)dt.\end {equation}


           P  R  B   ⁢    (  z  ,  w  )    =        (      2  ⁢  B   −  1   )   2   ⁢      ∫  0  R         (    1  −  t   )       2  ⁢  B   −  2    ⁢    F  1      2     ⁢    (    2  ⁢  B   ,    2  ⁢  B   ,  1  ,    t  ⁢    z  ¯   ⁢  w   )   ⁢    𝑑  t       .     (5.16) 


$2B=\alpha $


     2  ⁢  B   =  α 


$\bar {z}w=\omega $


       z  ¯   ⁢  w   =  ω 


\begin {equation}\label {r5.17} I_{R}=\int _{0}^{R}{}_{2}F_{1}(\alpha ,\alpha ,1;\omega t)(1-t)^{\alpha -2}dt.\end {equation}


         I  R   =      ∫  0  R       F  1      2     ⁢    (  α  ,  α  ,  1  ;    ω  ⁢  t   )   ⁢      (    1  −  t   )     α  −  2    ⁢    𝑑  t      .     (5.17) 


\begin {equation}\label {r5.18} \int _{0}^{y}x^{c-1}(y-x)^{\beta -1}(1-xz)^{-\tau }{}_{2}F_{1}(a,b,c;wx)dx=\mathcal {B}(c,\beta )y^{c+\beta -1}(1-yz)^{-\tau }F_{3}(\tau ,a,\beta ,b,c+\beta ,\frac {yz}{yz-1};wy),\end {equation}


           ∫  0  y       x    c  −  1    ⁢      (    y  −  x   )     β  −  1    ⁢      (    1  −    x  ⁢  z    )     −  τ    ⁢    F  1      2     ⁢    (  a  ,  b  ,  c  ;    w  ⁢  x   )   ⁢    𝑑  x     =    ℬ  ⁢    (  c  ,  β  )   ⁢    y      c  +  β   −  1    ⁢      (    1  −    y  ⁢  z    )     −  τ    ⁢    F  3   ⁢    (  τ  ,  a  ,  β  ,  b  ,    c  +  β   ,      y  ⁢  z       y  ⁢  z   −  1    ;    w  ⁢  y   )     ,     (5.18) 


$y,Re(c),Re(\beta )>0;|arg(1-wy)|,|arg(1-z)|<\pi $


       y  ,    R  ⁢  e  ⁢    (  c  )    ,    R  ⁢  e  ⁢    (  β  )     >  0   ;        |    a  ⁢  r  ⁢  g  ⁢    (    1  −    w  ⁢  y    )    |   ,    |    a  ⁢  r  ⁢  g  ⁢    (    1  −  z   )    |    <  π  


$y=R,x=t,c=1,\beta =1,z=1,\tau =2-2B,a=2B,b=2B$


     y  =  R   ,      x  =  t   ,      c  =  1   ,      β  =  1   ,      z  =  1   ,      τ  =    2  −    2  ⁢  B     ,      a  =    2  ⁢  B    ,    b  =    2  ⁢  B         


$\eqref {r5.17}$


   (  ⁢      5.17    ⁢  ) 


\begin {equation}\label {r5.19} I_{R}=R(1-R)^{\alpha -2}F_{3}(2-\alpha ,\alpha ,1,\alpha ,2;\frac {R}{R-1},\omega R)\end {equation}


       I  R   =    R  ⁢      (    1  −  R   )     α  −  2    ⁢    F  3   ⁢    (    2  −  α   ,  α  ,  1  ,  α  ,  2  ;    R    R  −  1    ,    ω  ⁢  R   )       (5.19) 


\begin {equation}\label {r5.20} F_{3}\left ( a,a^{\prime },b,b^{\prime };a+a^{\prime },w,z\right ) =(1-z)^{-b^{\prime }}F_{1}\left ( a,b,b^{\prime };a+a^{\prime };w,\frac {z}{z-1}\right )\end {equation}


         F  3   ⁢    (  a  ,    a  ′   ,  b  ,    b  ′   ;    a  +    a  ′    ,  w  ,  z  )    =        (    1  −  z   )     −    b  ′     ⁢    F  1   ⁢    (  a  ,  b  ,    b  ′   ;    a  +    a  ′    ;  w  ,    z    z  −  1    )       (5.20) 


$F_{3}$


     F  3  


$\eqref {r5.19}$


   (  ⁢      5.19    ⁢  ) 


\begin {equation}\label {r5.21} F_{3}\left ( 2-\alpha ,\alpha ,1,\alpha ,\frac {R}{R-1},\omega R\right ) =(1-\omega R)^{-\alpha }F_{1}\left ( 2-\alpha ,1,\alpha ,2,\frac {R}{R-1},\frac {R\omega }{R\omega -1}\right ) .\end {equation}


$\eqref {r5.19}$


   (  ⁢      5.19    ⁢  ) 


\begin {equation}\label {r5.22} I_{R}=R(1-R)^{\alpha -2}(1-\omega R)^{-\alpha }F_{1}\left ( 2-\alpha ,1,\alpha ,2,\frac {R}{R-1},\frac {R\omega }{R\omega -1}\right ) .\end {equation}


         I  R   =    R  ⁢      (    1  −  R   )     α  −  2    ⁢      (    1  −    ω  ⁢  R    )     −  α    ⁢    F  1   ⁢    (    2  −  α   ,  1  ,  α  ,  2  ,    R    R  −  1    ,      R  ⁢  ω       R  ⁢  ω   −  1    )     .     (5.22) 


\begin {equation}\label {r5.23} F_{1}\left ( a,b_{1},b_{2},c;X;Y\right ) =(1-X)^{-b_{1}}(1-Y)^{-b_{2}}F_{1}\left ( c-a,b_{1},b_{2};c,\frac {X}{X-1},\frac {Y}{Y-1}\right )\end {equation}


         F  1   ⁢    (  a  ,    b  1   ,    b  2   ,  c  ;  X  ;  Y  )    =        (    1  −  X   )     −    b  1     ⁢      (    1  −  Y   )     −    b  2     ⁢    F  1   ⁢    (    c  −  a   ,    b  1   ,    b  2   ;  c  ,    X    X  −  1    ,    Y    Y  −  1    )       (5.23) 


$I_{R}$


     I  R  


\begin {equation}\label {r5.24} I_{R}=R(1-R)^{\alpha -1}F_{1}\left ( \alpha ,1,\alpha ,2;R,R\omega \right ) .\end {equation}


         I  R   =    R  ⁢      (    1  −  R   )     α  −  1    ⁢    F  1   ⁢    (  α  ,  1  ,  α  ,  2  ;  R  ,    R  ⁢  ω   )     .     (5.24) 


\begin {equation}\label {r5.25} F_{1}\left ( a,b,b^{\prime };c,z,u\right ) =F_{1}\left ( a,b^{\prime },b;c,u,z\right )\end {equation}


         F  1   ⁢    (  a  ,  b  ,    b  ′   ;  c  ,  z  ,  u  )    =      F  1   ⁢    (  a  ,    b  ′   ,  b  ;  c  ,  u  ,  z  )       (5.25) 


\begin {equation}\label {r5.26} F_{1}\left ( a,b,b^{\prime };c,u,z\right ) =(1-u)^{c-a-b}(1-z)^{-b^{\prime }}F_{1}\left ( c-a,c-b-b^{\prime },b^{\prime },c,u,\frac {u-z}{1-z}\right )\end {equation}


$I_{R}$


     I  R  


\begin {equation}\label {r5.27} I_{R}=\frac {R}{(1-R\omega )^{2B}}F_{1}\left ( 2-2B,1-2B,2B,2,R,\frac {R-R\omega }{1-R\omega }\right )\end {equation}


       I  R   =      R      (    1  −    R  ⁢  ω    )     2  ⁢  B     ⁢    F  1   ⁢    (    2  −    2  ⁢  B    ,    1  −    2  ⁢  B    ,    2  ⁢  B   ,  2  ,  R  ,      R  −    R  ⁢  ω      1  −    R  ⁢  ω     )       (5.27) 


$\eqref {r5.16}$


   (  ⁢      5.16    ⁢  ) 


\begin {equation}\label {r5.28} P_{R}^{B}(z,w)=\frac {(2B-1)^{2}R}{(1-R\bar {z}w)^{2B}}F_{1}\left ( 2-2B,1-2B,2B,2,R,\frac {R-R\bar {z}w}{1-R\bar {z}w}\right ) .\end {equation}


$R\rightarrow 1$


   R  →  1 


\begin {equation}\label {r5.29} F_{1}\left ( 2-2B,1-2B,2B,2;R,\frac {R-R\bar {z}w}{1-R\bar {z}w}\right ) \rightarrow F_{1}\left ( 2-2B,1-2B,2B,2,1,1\right ) \text { as \ }R\rightarrow 1.\end {equation}


           F  1   ⁢    (    2  −    2  ⁢  B    ,    1  −    2  ⁢  B    ,    2  ⁢  B   ,  2  ;  R  ,      R  −    R  ⁢    z  ¯   ⁢  w      1  −    R  ⁢    z  ¯   ⁢  w     )    →      F  1   ⁢    (    2  −    2  ⁢  B    ,    1  −    2  ⁢  B    ,    2  ⁢  B   ,  2  ,  1  ,  1  )   ⁢   as   ⁢  R   →  1   .     (5.29) 


\begin {equation}\label {r5.30} F_{1}\left ( a,b,b^{\prime },c;Z;Z\right ) ={}_{2}F_{1}\left ( a,b+b^{\prime },c;Z\right ) ,\end {equation}


           F  1   ⁢    (  a  ,  b  ,    b  ′   ,  c  ;  Z  ;  Z  )    =      F  1      2     ⁢    (  a  ,    b  +    b  ′    ,  c  ;  Z  )     ,     (5.30) 


$\eqref {r5.29}$


   (  ⁢      5.29    ⁢  ) 


\begin {equation}\label {r5.31} F_{1}\left ( 2-2B,1-2B,2B,2B,2;1,1\right ) ={}_{2}F_{1}\left ( 2-2B,1,2;1\right ) .\end {equation}


           F  1   ⁢    (    2  −    2  ⁢  B    ,    1  −    2  ⁢  B    ,    2  ⁢  B   ,    2  ⁢  B   ,  2  ;  1  ,  1  )    =      F  1      2     ⁢    (    2  −    2  ⁢  B    ,  1  ,  2  ;  1  )     .     (5.31) 


\begin {equation}\label {r5.32} {}_{2}F_{1}(a,b,c;1)=\frac {\Gamma (c)\Gamma (c-a-b)}{\Gamma (c-a)\Gamma (c-b)}, \quad \rm {Re}(c-a-b)>0\end {equation}


           F  1      2     ⁢    (  a  ,  b  ,  c  ;  1  )    =      Γ  ⁢    (  c  )   ⁢  Γ  ⁢    (    c  −  a  −  b   )      Γ  ⁢    (    c  −  a   )   ⁢  Γ  ⁢    (    c  −  b   )      ,      Re  ⁢    (    c  −  a  −  b   )    >  0      (5.32) 


$a=2-2B,b=1$


     a  =    2  −    2  ⁢  B     ,    b  =  1  


$c=2$


   c  =  2 


\begin {equation}\label {r5.33} {}_{2}F_{1}\left ( 2-2B,1,2;1\right ) =\frac {1}{2B-1}.\end {equation}


           F  1      2     ⁢    (    2  −    2  ⁢  B    ,  1  ,  2  ;  1  )    =    1      2  ⁢  B   −  1     .     (5.33) 


\begin {equation}\label {r5.34} \lim _{R\rightarrow 1}P_{R}^{B}(z,w)=\frac {(2B-1)}{(1-\bar {z}w)^{2B}}\end {equation}


         lim    R  →  1        P  R  B   ⁢    (  z  ,  w  )     =      (      2  ⁢  B   −  1   )       (    1  −      z  ¯   ⁢  w    )     2  ⁢  B        (5.34) 


$\eqref {r5.8}$


   (  ⁢      5.8    ⁢  ) 


$\left ( \text {RKHS}\right )$


   (  RKHS  ) 


$R\in \left ] 0,1\right [ ,$


     R  ∈    ]  0  ,  1  [    , 


$P_{R}^{B}(z,w)$


$\eqref {r5.12}$
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acting on the Hilbert space L* (R, ), whose importance consists in the fact that
it is a solvable model and being, in a certain sense, an intermediate potential be-
tween the three dimensional harmonic oscillator potential and other anharmonic
potentials such as Poschl-Teller or Morse potential [7, 8]. The L? eigenfunctions
(number states) of Hp, which here are denoted by the ket vectors MJB >7 may
be superposed to perform a set of coherent states within the so-called Hilbertian
probabilistic scheme (see [3]for the general theory) by choosing a set of analytic
coefficients C7 () on the complex unit disk D ={z € C,|z| < 1} such that the
associated photon-counting statistics follows a negative probability distribution.
Such a CS are known as the negative binomials states (NBS) [9]. One interest on
them is that they intermediate between pure coherent states and pure thermal
states [10]and reduce to Susskind-Glogower phases states for a particular limit of
the parameter [11] Beside, such coefficients C (z), turn out to be basis elements
of the weighted Bergman space, here denoted A? (D), of analytic functions g on
D, satisfying the growth condition [y [¢(2)|*(1 — 22)*P~2dn(z) < +o0, where dp
denotes the Lebesgue measure on D.

Our aim is, firstly, to show that these NBS which are labeled by points of the
disk D can be retreived from the affine CS via the Cayley transform. We also link
them to the Landau problem in the Poincaré upper half-plane. This connection
may be exploited to generalize the obtained results to higher hyperbolic Landau
levels. Secondly, we proceed by a quantization method based on these NBS
in order to construct a phase space localization operator P corresponding to
the disk D = {z € C,|z] < R} with R < 1, which stands for the quantum
counterpart of the classical observable defined as the indicator function of the
disk Dpg. Precisely, we discuss some spectral properties of the operator Pgr such
as its eigenvalues and their associated eigenfunctions in L? (R, ). The expression
of these eigenvalues together with the discrete spectral resolution of P amount to
a formula expressing this operator as a function of the Hamiltonian operator Hp
in (1.3). We also give an estimate for the phase space content of P outside the
domain Dpg in terms of the photon-counting probability distribution associated
with the NBS. Moreover, this operator may be unitarly intertwined as W o Pg o
W~1=Pg via the second Bargmann transform W associated with the NBS. This
allows us to obtain the integral kernel of Pr when acting on the space A? (D) by
using calculations based on properties of some different hypergeometric functions.

The paper is organized as follows. In section 2, we recall the affine coherent
states from which we derive the NBS.The connection with the Landau prob-
lem on the Poincaré upper half-plane is also pointed out. Section 3 deals with
the coherent states quantization method. In particular, eigenvalues of the quan-
tum counterpart with radial classical observables are obtained. For the indicator
function of the disk Dy we also provide these eigenvalues with a probabilistic in-
terpretation and we discuss their extensions to hyperbolic higher Landau levels.
In section 4, we give an estimate of the phase space content of the localization
operator outside the disk Dg in terms of the photon-counting probablity distri-
bution. Section 5, we deal with the transfer of the localization operator to the
weigthed Bergman space AP (D) and to the calculation of its integral kernel.



2. Negative binomial states and the B-weight Maass Laplacian

2.1. Affine coherent states. We recall that the affine group is the set G = R x
R*, endowed with group law (z,y)-(2',y') = (x + ya’, yy'). G is alocally compact
group with the left Haar measure dv (x,y) = y~?dzdy. We shall consider one of
the two inequivalent infinite dimensional irreducible unitary representations of the
affine group G, denoted 7, , realized on the Hilbert space H := L? (R*,£71d€) as

Lix
m (2,y) [0] (€) = €20 (y€),  pe H, £>0. (2.1)
This representation is square integrable since it is easy to find a vector ¢y € H
such that the function (z,y) — (74 (z,y) [¢o], ¢o),, belongs to L? (G, dv). This
condition can also be expressed by saying that the self-adjoint operator d : H — H

defined as 0[] (€) = £ 2 (€) gives
[ torme @) ) (xe (.9) ] b (2,9) = (s o) (5% i) 0% ol

G
(2.2)
for all 1,19, 01,02 € H. The operator ¢ is unbounded because G is not uni-
modular [12].
Keeping the condition 2B > 1, we consider a set of CS labeled by elements
(x,y) € G, which are obtained by acting, via the representation operator 7 (z,y),
on the admissible vector

T
= —=("€e" 2%, > 0. 2.3
Precisely,
|Tww,) = T4 (2,9) [65] (2.4)
and satisfy the resolution of the identity operator
1y = CB/dM (2, 9) |T@w).B) (Taw).5| (2.5)
G

where cp := 2B — 1 and the Dirac’s bra-ket notation |®)(®| means the rank-one
operator ¢ — (D, @)y with &, ¢ € H. In the {-coordinate, wavefunctions of
CS defined by Eq. (2.4) read

1 o
(€l ) = = ()" 307 6>, (2.6)

and are known as the affine CS [13].

2.2. Connection with the B-weight Maass Laplacian. To describe the con-
nection of CS (2.6) with the lowest hyperbolic Landau level, we may first identify
the affine group G with the Poincaré upper half-plane H?> = {z + iy, z € R,y > 0}.
Then, to these CS we may attach, as usual, the CS transform By : H —
L? (H?, dv) defined by [14]:

Bolé) () = Vs | T a6 e 1)
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whose range is the eigenspace of the B-weight Maass Laplacian
Ap =y* (02 + 82) — 2iByd,, (2.8)

associated with the eigenvalue

1
& =(B-m)(1-B+m), m:o,l,...,LB—éJ, (2.9)
where |[a| denotes the greatest integer not exceeding a. We precisely have
Bo[H]={fe L’ (M dv), Agf=¢f}. (2.10)

The operator Ap also stands (in suitable units and up to an additive constant) for
the Schrédinger operator describing the dynamics of a charged particle moving on
H? under the action of a magnetic field of strength proportional to B. This is an
elliptic densely defined operator on the Hilbert space L?(H?, dv), with a unique
self-adjoint realization also denoted by Apg. Its spectrum consists of two parts:
a continuous part [%19, —1—00[, corresponding to scattering states and the finite
number of eigenvalues €2 each one with infinite degeneracy, called hyperbolic
Landau levels . Finally, the reproducing kernel of the Hilbert space By[H] can be

obtained from the overlapping function (7, g, 7¢c,5)» between two CS as

‘w—C_‘Q - C—@D
B 2
Ky (w, () = <4I I C) <w C) , w,¢ e H". (2.11)

2.3. Negative binomial states. We can write a version of these CS as states
labeled by points z of the unit disk I by using the inverse Cayley transform
C~1:D — G given by

C_l(z):< o 1_|Z|2>, zeD. (2.12)

T T

Indeed, we may still define this version as states in H as

o = (1 - Z)Bm (€ (2)) [65]. (2.13)

1—2

Direct calculations lead to their wave functions in the £-coordinate as

(€| ko) = Fl(zg) (8:;?2) )Bexp (_% (iz) g) . >0, (2.14)

The latter ones may slightly be modified in order to perform them as vectors of

L*(R,, d€) labeled by points of the disk D as

(€Fom) = @ (. 5) (2.15)

These states obey the normalization condition (k, g, k. g) r2r,) = 1 and satisfy
the resolution of the identity operator as

e = [ (o) (ool (), (2.16)
D




with respect to the measure
(2B —1)

7 (1 —2%)?

dng(z) := dn(z). (2.17)
Now, as for the canonical CS of the harmonic oscillator, we seek for a number
states expansion of the CS |k, ) in terms of the analytic coefficients

T'(2B+j)

CB(z) = (2B —1)Y? IT(2B) 2,

; j=0,1,2, .., (2.18)
which constitute an orthonormal basis of the weighted Bergman space AZ(D).
For that, we start from the expression of the CS, |k, ) as given by (2.15) — (2.14)
and we make use of the generating function for the Laguerre polynomials ([15],
p.239):

+0o0
ip@py L —t _
Zt L (z) = gyt P (1 — tx) ,a> -1 (2.19)
7=0
We obtain, after some calculations, the series expansion

B —1/2 +o0
o) = (i) CRHE (2:20)

where (7 (£) are the Laguerre functions

27! 1/2 1 _1¢2 (2B—1 .
By = —2 2B—5 o —3€" 2B (g2 —0,1,2, ... 2.21
50— (1apss) @RI, 0. (o

which are known to constitute a complete orthonormal system in L*(R, d€).

Remark

The CS (2.14) also coincide with those constructed by Molanar et al [16] for
the Morse potential [17] by an algebraic way based on supersymetry and shape
invariance properties where the shape parameter may be taken as our B > 0. For
this potential, they first were were introduced by Nieto et al [18] as generalized
minimal uncertainty states.

3. Quantization via NBS |k, p)

The resolution of the identity (2.16) allows to implement a CS or frame quan-
tization [4] of the set of parameters D) by associating to a function D > z —
F(z,z) € C that satisfies appropriate conditions, the following operator in L*(R ., d¢) :

(2B —-1)
(1 — 2z)?

Frs B e / 7. ) (. 5| F(2,%) dn(2). (3.1)

The Friedrich extension [5] allows to define B as a self-adjoint operator if F is
a semi-bounded real-valued function.



In order to proceed with the quantization through the CS |k, p) along the
linear map (3.1), we may substitute the expression (2.20) into the integral form
n (3.1). This gives the expression

T(2B +j) [T(2B+ k) o ens
Z T 2BJ \/Wk!P(QB) (2B — 1)/,2 Z(1—22)"""°F(z,2)dn(z)

7,k=0 D
(3.2)
which represents its disrete spectral resolution
+oo
op = D[R], [N (33)
k=0
where the matrix elements are (at least formally) given by
1 T(2B+ ))T2B+k)\"* [ _ on _
Bl _ J k(1 .5\2B—2
)= == JEECES I eeTE
D
(3.4)

and {7} is the orthonormal basis of L?(R.,d¢), which is given in (2.21).

3.1. Radial classical observables For a radial weight function F', the above
discrete spectral resolution of & leads to more precise expressions for its eigen-
values. Indeed, by setting F(z,2) = F(r?), r = |z| and using polar coordinates
in the expression (3.4) of matrix elements, we get that

2w

8] = 1 I'(2B + j)T(2B + k) 1/2/
TRk T GTeB — 1) 1!
0

By the fact that

(3.5)

2
/G“k—mde =2m0k 4, J,k=0,1,2,.., (3.6)
0

on can easily see that only the case j = k produces a non zero matrix element as
I'(2B + J )82
(1 - F(p)dp. 3.7

By writing the prefactor as (B(j + 1,28 — 1))_ , we obtain the expression of the
AP as

N = ForTaE =T | 0 . 33
0

where B(a,b) denotes the Beta function with a,b > 0. The operator p2 has the
following discrete spectral resolution with respect to the orthonormal basis {K}B }

GoXCq

1
/rk k0 =130 (1—r )23 2F(r*)rdrdf.
0



as
+o00
or =Y A7) (e, (3.9)
=0
and it’s not difficult to check that
pp (7] =310 (3.10)

Note that (3.10) means that the operators i and Hp have {(F} as a commun
set of eigenfunctions.

In particular, we here consider the disk Dg := {2z € C, |z| < R} with0 < R < 1
and we choose as classical observable the indicator function of this domain. By
putting F(r?) = 1 if r < R and F(r?) = 0 if r > R, the formula (3.8) takes the
form

R2
1 .
\BE 1— )2y =Tm(j+1.2B -1 11
P soar= [ PO = Tl 125 -1 (3D
0
where N
1
T.(a,b) = N1 — )t 1 12
(@.8) = gy [ 00 0<w <, (3.12)

0
is the regularized incomplete Beta function. In view of (3.9), the discrete spectral
resolution of pP reads

+o00
on =Y Tr(j+1,2B—1)[eF) (£F]. (3.13)

J=0

By another side, the vector basis Ef are eigenfunctions of Hp while acting on
L? (R, d§). Precisely,

Hp [(F]=(G+1)67, j=0,1,2,.... (3.14)
Therefore, we may write % as a function of Hp as
on =Tp(j+1,2B—1). (3.15)

3.2. A probabilistic representation for eigenvalues )\f . We note that the
eigenvalues (3.11) may also be written as

R2
A=) CP g 2@, 2020-20m= /O g;.8(p)dp (3.16)
where I(2B )
2B+ 2B—2
. - 1— 0< 1 3.17

which turns out to be the identity function of the Beta distribution yj(f’,; ~ Be(j+
1,2B — 1) whose characteristic function is known to be given by the confluent
hypergeometric series as u — 1Fy (j + 1,2B + 1;4u) with > = —1.Therefore,

AP =PV < R?) (3.18)
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would provide us with a probabilistic representation of these eigenvalues.

For higher hyperbolic Landau levels, the generalized form of the density func-
tion (3.16) is given by

(mANITE2B—-2m+mVj)

(1_ )2B—2m—2 |m—j|
(mVHIT2B—-2m+mAj)

p
(3.19)

0% (p) = (2B — 2m — 1)

" (Pumfj\,z(Bfm)fl) (1- 2p>)2

mAj

where P,ga’ﬁ) (.) is a Jacobi polynomial [15] and m = 0,1,...,|B — 1] . Let us
denote by yJ(j’;} the random variable having p ggg) (p) as its density, then
R2
DR py (y](jg) < R2) — / ") (p)dp (3.20)
0

would provide us with the probabilistic representation of eigenvalues )\f’R’m of
the restricted operator Rg,, |p,to the disk Dg, where Rg,, is the projection
operator onto the eigenspace

Enm (D) = {f € 12 (D, (1= 22" dn(2)) . Anf = opnf | (3.21)
of the B-weight Maass Laplacian
Ap = —4(1—22) ((1 — 2%) 82_ - 2323_) : (3.22)
0207 0z
associated with the hyperbolic Landau level
ogm=4m(2B—-m—1), m=0,1,.., {B—%J . (3.23)

So that the integral kernel of operator g, is the reproducing kernel

Kpm(z,0) =7 (2B — 2m — 1) (1 — zw) 28 <(1 —Ez;(im—' w@)> (3.24)

« PO2(B=m)-1) (2(1 —2z) (1 —ww) 1)

11— 2w

of the eigenspace (3.24). Note that for 2B > 1 and m = 0 this eigenspace reduces
to the weighted Bergman space of analytic functions g on D, satisfying the growth
condition [ [g(z)[*(1 —22)*"2dn(z) < +c0. In other words, £z (D) = A” (D).
This remark makes possible to extend our analysis to the above higher hyperbolic
Landau levels o ,,. In this respect the connection with the results in [19] may
be useful.



4. Phase space content of p? outside Dpg

Note that the phase space cutoff by the operator & is not sharp in the sense
that it will have some phase space content outside the localization domain Dp.
This is illustrated by the fact that at least for some coherence point zp € D\ Dg
we have

(oo |[OR]) 2m,y 200 f € LP(Ry). (4.1)
Precisely, we have the following estlmate involving the photon counting statistics
which obey the negative binomial probability distribution X ~ NB(2B, 2pZ)
with parameters 2B and zyZy

[ Goro |95 2| < VE (T (X41,2B = 1)) flie,) (42)

To prove (4.2) we start by replacing in the scalar product (4.1) the operator p?
by its discrete spectral resolution (3.13) as

+00 oo
< (Z ARy <ef\) m> S R ol (1)
L2(Ry)

=0 =0
(4.3)
Recalling the number states expansion (2.20) of |k, p), we may write
_ ~ L'(2B+3j)
B _ - B
(Rao,8l07) g,y = (1= 20%0) e (4.4)
Therefore (4.3) reads
~ (2B +j)
B B,R B
<"<320,B ‘pR[f]>L2(R+) ZOZO Z A ( 'F 23) ) <€J |f>L2(R+) Z(J)
(4.5)
\BR LB +j) 2 jgB A
= (1 —2%)" Z ST@2B) 2071 f : (4.6)
L2 (Ry)
Setting
—+00 . 1/2
(2B + j) :
o BR [ *\«=2 T J) jipB
7=0
and using the Cauchy-Bunyakovsky-Schwarz inequality
| (Reo.8lOR D) 2@y | < 11— 20%] P19 2@y 1] L2y - (4.8)
Now, the L? norm of ¥ may be written
+o0 9 F(2B + ) 1/2
— |B B,R J —\j _\2B
|1 — Z()Z()| ”19||L2(IR+) = (]ZO (A] > [W(Zozo)j(l - Zozo> :|> .
(4.9)
By recognizing in (4.8) the probability distribution of X ~ N'B(2B, 20Z) :
2B+ ;
Pr(X =j) = LB +J) (20%0)" (1 — 20%0)*", j=0,1,2,---, (4.10)

JIT(2B)
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and using the expression of the eigenvalues )\f’R , Eq.(4.8) takes the form

—+00

1/2
|1—2050’BH79HL2(R+):(Z(IW(J'JFLQB—U)ZPY(XZj)> )

=0
Finally, the right hand side of (4.11) can be viewed as the square root of an
expectation value as E ((Zg2(X +1,2B — 1))2).

5. Integral kernel of $¥ on the Bergman space A”(D)

The CS transform associated with |k, ) is the isometric isomorphism Wp :
L*(R,) — AP(D) defined by ¢ — Wxp](z) = (1 — 22) B(p |K2B) 2(m, )» Which
may also be called the second Bargmann transform [20]. Explicitly,

Walfl) = |1 -2 [ @0 bew (-3 (122) ) de s e
(5.1)

Now, to transfer the operator p& to be acting on functions f € AP(D), we use
the relation Wp o o8 o W5' = gB. We, precisely, obtain that

GE(f)(w) = / PE (2 w) f(2)(1 — 22)2~2dn(2) (5.2)

D

where the integral kernel is given by

2B —1)’R R — Rzw
p? :(—F 2—-2B,1-2B,2B,2,R, ——— 5.3
R(va) (1—R2U}>23 1 ( ) ) s 4y 4L, 1—R§w) ( )
In particular, at the limit R — 1,

. B ~ (2B-1)

]l{lln)l PR (Z7 U)) - (1 _ zu])237 (54)

which is the reproducing kernel of the Bergman space A”(D). Here, F; denotes
the Appel hypergeometric double series

Py (o, B,viwiu,0) = ) (a‘)yfl;}:((f))jfz)k

7,k=0

Wk Jul < 1,|v| < 1.

To prove (5.2), let us take f € AP (D) and apply the inverse of W5 as

W5 F1(6) = / F(2) (€] p)(1 — 22) Bdnp(2), € > 0. (5.5)

Next, we proceed by the action of g8 on Wy 1[ f], which successively gives

or (Wg'lf]] (v) = D A" <ka| /f(Z)IT%Z,B>(1 - ZZ)_BdnB(Z)> (wlty) (5.6)
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= Skfﬁ (/R% (/Df(z> (] 7o) (1 — zz>BdnB(z)) dg) Bly)  (5.7)
= ZABR JRE ( 12 | + ff(é)@dw) dns (2) E (). (5.8)

Note that the last equation may be rewritten as

on W' () =D N [/ f(Z)WB[ékBKZ)dnB(Z)} Gly).  (5.9)
k=0 D
We again apply Wg to (5.9) :

W [ (W5 1)) () = 3 AP [ SR (:) | Wl )

k=0
(5.10)
Since Wg[¢(2](w) = CP(w), then we obtain

“+o0o
Gl (w) = / [Z X TCP(2)CF (w) | dns (2). (5.11)
k=0
Hence, the kernel integral function is given by
PE(z,w) Z)\BRCB 2)CE (w). (5.12)

To write this kernel in a closed form, we recall (3.11) and (2.18), then (5.12)
becomes

+o0 R
_ I'2B+k)_
PE(z,w) = (2B—1 Z [ BT 2B Y / P (1 — p)?B de} wzkwk
k=0 '

(5.13)
2~ T(2B + k)T(2B + k) 1 (zw)* ® o 282
= (2B —1) ; FEBITEE) M H (/0 t*(1 —t) dt) (5.14)

= (2B — 1)2/0 (1= )28 <Z (Qleing)k (tzlg) > dt (5.15)

k=0
The sum inside the integral can be presented as the Gauss hypergeometric func-
tion o F7 as

R
P (z,w) = (2B — 1)2/ (1—)*P"2,F\(2B,2B, 1, tzw)dt. (5.16)
0
By setting 2B = «, Zw = w and

R
Ip = / oFi (o, 1 wt) (1 — t)a_th. (5.17)
0
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By making use of the formula [21, p.316] :

)
/ 2 Ny—2)" N (1—22) "2 Fi(a,b, c;wa)de = Blc, B)y " (1—yz) " F3(7,a, 8,b, c+B,
0

(5.18)
y, Re(c), Re(B) > 0; |arg(l — wy)|, larg(l — z)| < m, for parameters y = R, x =
t,e=1,=1,z=1,7=2—2B,a = 2B,b = 2B, the integral (5.17) takes the
form

R
Ip=R(1-R)**F2-a,a,1,a,2; ﬁ,wR) (5.19)

Next, we may apply the transformation [21, p.450]:
Fy(a,d bt ;a+d w,z)=(1—-2)""F <a, bV:a+ad;w, Ll) (5.20)
Z —

to rewrite the F3 hypergeometric function in (5.19) as

R _a R Rw
F3 <2—a,a,1,a,ﬁ,wR> =(1-wR)™“F (2—04,1,(1,2, 71 B 1)
(5.21)
Therefore, Eq.(5.19) reads
R Rw
_ . a—2 . — .
Ir=R(1-R)*“*(1—-wR) “F (2 a’l’a’Q’R—l’Rw—l) (5.22)
By applying the transformation
X Y
Fi(a,bi, by, X;Y) = (1= X) ™" (1-Y) ™" F, (C —a,b, b5 6, 57—, ﬁ)
(5.23)
we may reduce [r as
I =R(1—-R)*'F(a,1,0,2; R, Rw) . (5.24)
Next, by using the symmetry relation
Fi (a,b,0;¢,z,u) = Fy (a,V,b;¢,u, 2) (5.25)

together with the identity [21, p.449]

Fy(a,b,0;c,u,2) = (1 —u)70(1 — z)*b/Fl <c —a,c—b—0,V,c, u, ’11L — Z)

-z
(5.26)
enable us to rewrite Ip as
R R — Rw
Ip=———-F(2—-2B,1-2B,2B,2 2
R (]_—RW)2B 1( ) ) ) 7R7 1_Rw) (5 7)
Therefore, the kernel function (5.16) reads
2B —1)?R R — Rzw
P5 :(—F 2—2B,1-2B,2B,2,R, ——— ] . 2
R(Z7w) (1—R2w)23 1 ( ) y ) 7R7 1_sz) (5 8)

Yz
Yz —

17

wy),
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To check the limit of this kernel as R — 1, we first observe that

R— Rz
) (2—23,1 —2B,2B,2;R,1—R_w> R (2-2B,1-2B,2B,2,1,1) as R — 1.
— Rzw
(5.29)
By using the identity [21, p.452]
Fi(a,b,V,¢; Z;Z) = oFy (a,b+ b, ¢; Z), (5.30)
the obtained expression limit in (5.29) reduces as
Fi(2-2B,1—2B,2B,2B,2;1,1) = »F, (2 — 2B,1,2; 1). (5.31)
Finally, we use the Gauss theorem [21, p.489]:
L(c)'(c—a—0)
Fi(a,b,c;1) = Re(c—a—Db) >0 5.32
2 1(@, , G, ) F(C_a)l—\(c_b)J e(c a ) ( )
for parameters a =2 — 2B,b =1 and ¢ = 2 to get that
1
Fi(2-2B,1,2;1) = . .
This, leads to the limit
. B _ (2B —1)
zl%linu Py (z,w) = 1= 7u)2E (5.34)

This completes the proof.

We end this section by observing that (5.8) may provides us with a family of
Hilbert spaces (RKHS) indexed by the continuous parameter R € ]0,1[, where
each one would have PZ(z,w) as its reproducing kernel for which the Eq. (5.12)
will represent a Zaremba expansion [22]. These RKHS are natural generalizations
of the Bergman space AZ(D) and deserve to be investigated in details in a futur
work.
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